THE INFLUENCE OF VISCOSITY ON THE PERIPHERAL
VELOCITY OF A LIQUID IN AN'APPARATUS WITH
A STIRRER
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The authors have experimentally studied the influence of viscosity (from 0.001 to 8.5 N-sec
/m?) on the distribution of the peripheral component of the velocity of a liquid in apparatus
(without internal structures) with stirrers of various types. They determine values of the
coefficient of resistance to flow of liquid in apparatus with stirrers, and derive equations
linking the peripheral velocity to the power consumption of stirring, the properties of the
medium, and the characteristics of the apparatus.

Braginskii [1] analyzed the radial distribution of the peripheral component of the velocity of a liquid
in a stirring apparatus, and obtained approximate equations relating the peripheral velocity profile to the
construction of the stirrer and apparatus. A more exact solution of certain practical problems would also
involve the physical properties of the medium being stirred. In particular, in certain conditions the peri-
pheral velocity distribution of the stirred liquid is considerably affected by its viscosity [2, 3]. However,
the data in the papers cited do not permit a quantitative estimate of the influence of viscosity on peripheral
flow during mixing. We have therefore measured the peripheral velocities in liquids of various viscosities
(water, glycerin, and aqueous solutions of glycerin and syrup) with the aim of obtaining quantitative rela~
tions for the influence of viscosity on the flow characteristics during operation of the commonest types of
stirrers.

The peripheral velocity measurements were made with the aid of the apparatus shown diagrammatical-
ly in Fig.1. A circular cylinder 1, 8 mm in diameter and 100 mm in length, or alternatively a flat plate
20 x 25 mm in size, was attached by blade 2 and steel rod 3 to spindle 4, which rotated freely in its bear-
ings. Scale and slider 7 permitted smooth radial adjustment of the body. Using the action of forces due to
motion of the stirred liquid, body 1 deviated from the vertical in the direction of flow. With the aid of
screw 8 it was returned to a strictly vertical position, and from the tension in spring 9 the moment acting
on it was measured, and hence the force due to the flow. To avoid drift of the zero of scale 5 relative to
the vertical, due to unavoidable tolerances in the scale and slider, the scale was mounted on a bearing and
provided with plumb 6 and bob weights 10. The spring was calibrated with the aid of weights, for which we
used pulley 11.

Before making the measurements, we calibrated the measuring bodies on a test rig similar to that
described in [4]. The main component of this rig was a rotating finned cylindrical vessel, 0.4 m in diam-
eter and 0.35 m in depth. Calibration was performed in liquids of various viscosities (from 0.001 to 8.5
N sec/m?); the rate of flow past the measuring body was varied by altering the rate of rotation of the vessel
and by shifting the device radially. We thus plotted calibration curves ¢ = ¢ (Ret), in the range 0.3 = Rer
< 20,000 (Fig.2), which we used in processing the results of our peripheral velocity measurements. To
estimate possible distortion in the velocity distribution due to the measurement body, in the calibration
test rig we carriedout a series of experiments to measure the heat emission from the circular cylinder.
For this purpose we made a cylindrical heating element of cuprite, within which was a winding heated by
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Fig. 1. Diagram of apparatus for measurement of peri-
pheral velocity of liquid.

10
w 0'F
g F
T
28 -
S
=z —
LX)
700:
]0‘1—1 I I | I 11 )4 1 llllll ) I A | i 1.1 11
10’ 10° 10’ 10% 10° 16*

Re,
Fig. 2. Coefficient of resistance of measurement bodies, and
heat emission of circular cylinder. 1) Resistance of plate;
2) resistance of cylinder; 3) heat emission of cylinder.

an electric current. Into the wall of the element were sealed two thermocouples. The heating element was

20 mm in diameter and 100 mm long. From measurements of the heat emission we found the relation Nu
/Pr1/3 = @ (ReT); the velocity of the liquid flowing past the element was calculated as in the calibration of
the measurement apparatus, starting from the rate of rotation of the vessel and the radial coordinate of the
element. The experimental points obtained in these experiments lay along the well-known curve found by
Gil'pert [5] for heat emission by a circular cylinder in a current. This comparison may be considered as
evidence that the true velocity was practically the same as the calculated velocity, i.e., that the heating
element does not cause appreciable distortion in the current. Obviously, measurement bodies with lower
resistances will also not exert appreciable influence on the peripheral flow in the calibration vessel or in
the apparatus with the stirrers. The results of experiments in the calibration rig also showed that the re-
sistance of the blade 2 immersed in the liquid was small in comparison with the resistance of the measure
ment bodies, and thus the apparatus was suitable for measuring velocities at various depths below the sur-
face.

The peripheral velocities were measured in apparatus with diameters of 0.3, 0.4, and 1 m with stir-
ring by open and closed turbine, paddle, and propeller stirrers, between 50 and 300 mm in diameter
rotating at rates between 40 and 600 rpm. The liquid level heigh in the apparatus was equal to the
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diameter; the viscosities of the liquids varied between 0.001 and 8.5
N-sec/m?, Our experiments confirmed the results of Aiba [3], who found
that the peripheral velocity does not vary with depth in stirred liquids of low
viscosity. In high-viscosity media there was marked variation of velocity
with depth, similar in character to that found by Nagat [3]. However, since
turbulent flow was of greatest practical interest in stirring by stirrers of the
types used in our work, * we did not make a detailed study of the axial distri-
bution of peripheral velocities. Our measurements in highly-viscous media
were made only with the aid of the cylinder, which we set at constant depth

(in apparatus 0.4 m in diameter, the distance between the top end of the cylin~
der and the liquid level was 50 mm, and in apparatus 0.3 m in diameter it
was 40 mm). According to the results of a special series of experiments,

the peripheral velocity values measured with this cylinder position were close
to the mean values over the depth.

Fig. 3. Influence of
viscosity on peripheral
velocity profile. Open
turbine stirrer 0.15 m
in diameter, in appara-
tus 0.4 m in diameter.

From our experimental results we plotted graphs of the peripheral
velocity distributions, relative to the velocity of the edge of the stirrer blade,
versus radius. A comparison between these graphs (Fig.3) revealed that in-

. crease in the viscosity of the stirred liquid at high values of the centrifugal
Curve Vlscom;y‘z c Reynolds number leads only to a relatively slight decrease in the absolute
numbers o,glo'lsec m45000 velocity values. As Rec decreases, the influence of viscosity on the peri-

)

2 8’82% ‘ggg pheral velocity rapidly increases, and we observe a qualitative change in the
8 '406 129 nature of the velocity distribution: the gradient of the v = ¢(r) curve at r — 0
4 0, y g 4

s };gm 5 decreases, and the second derivative of the velocity changes sign in the re-

gionr > ry,. For stirring of highly viscous liquids, i.e., for small Reynolds
numbers, the influence of viscosity again weakeuns, and in some cases the
velocity profile undergoes no appreciable changes as the viscosity increases. The values of the viscosity and
Reg, corresponding to changes inthe nature of the influence of the viscosity onthe peripheral velocity distribu-~
tion, are different for stirrers of different types and also for different ratios of the stirrer and vessel
dimensions.

A quantitative correlation of the results may be based on analysis of the influence of viscosity on the
power consumed by the stirrer and on the resistance of the liquid in the apparatus to flow. Using the con~
dition that the torque on the stirrer shaft is equal to the moment of the resistance arising on the walls and
bottom of the apparatus, we write

N
My = —(:)—- = 0.129Kypa’r’ = M, + My. (1)

The moment of resistance at the cylindrical wall of the apparatus is

Mw, = ZJI‘CRZH, (2)

where

T=c;pv*/ 2. 3)

Since the peripheral velocity of the liquid varies along the radius of the apparatus, the value of ¢¢
may vary with the selected characteristic value of the peripheral velocity. For example, as the charac-
teristic peripheral velocity value, Mizushina et al. [6] chose the peripheral velocity of the liquid near the
wall of the apparatus. However, this method of expressing 7 is insufficiently rigorous, because the veloc-
ity "near the wall" is an arbitrary quantity, and the point at which it is measured is not specified. Evident-
ly for apparatus with stirrers, as for the flow of liquid in channels, it would be sounder to use an expres-
sion for the tangential stress, including the mean (flow) velocity, which in our case can be defined on the

*For stirring high-viscosity liquids with laminar flow, one usually makes use of stirrers with small gaps
between the walls and the blades — anchor-type, frame—’cype, strip-type, etc.
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Fig. 4. Coefficient of resistance of walls and floor of ap-
paratus versus Reynolds number. a) Closed turbine stir-
rer; b) open turbine stirrer; c) paddle stirrer; d) propeller
stirrer.

04y basis of the measurement results as
Vi‘.‘i 1 ]
“o Vay== 7?——6" vdr. (4)
Hence
g2
Mw = .TIZCfUaszZHp. (5)

Strictly speaking, the moment of resistance of the bottom of the ap-
paratus should be defined by integrating the expression

g Lo d 11 (O U 0 I U 0% 0 I
7 z Z 7 -

7 ' ,

10 10 10 10 Ree 10 AM, :nc!pvzrzdr (6)
Fig.5. Mean peripheral velocity from 0 to R. However, for simplicity in the ultimate expressions,
versus centrifugal Reynolds num- it is. more convenient to use the approximate relation
ber. a) Open turbine stirrer, R
/ry = 2.7; b) paddle stirrer, R/r, My, = sic,pvag R [ 4. )

=20.
This does not lead to appreciable errors, because the area of the

floor on which the flow velocity exceeds the mean value is small,
and the tangential stresses which arise there are operating at small radii. Substituting these expressions
for the moments into (1), we get

Cf=0165 KN/'YRSEQVZ1 (8) .

where y = 4H/R + 1 for apparatus with free liquid surface, and y = 4H/R + 2 for wholly filled apparatus.

Equation (8) was used to process the experimental data with the aim of finding the relation between
the coefficient of resistance and the viscosity of the stirred liquid and its flow conditions. The values of
K, were found experimentally (by measuring the torque on the shaft by means of a spring dynamometer)
or with the aid of graphs of Ky versus Re, (7, 8]; and the values of ;’av were calculated from the experi-
mental peripheral velocity profiles. From Fig. 4 we see that the values found for cg for apparatus with
the stirrers studied in this article all lie near a single curve. The steep part of this curve, characterizin
laminar flow of the stirred liquid, corresponds to the theoretical relation for laminar flow in a plane chan-
nel [9]:

c,=.—24/Re. (9)

The flatter part of the curve, corresponding to turbulent stirring, is represented with satisfactory accurac
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by the expression

¢; = 0,095 Re~"%, (10)

which is close to the well-known equation for resistance in smooth tubes [9]. The transition from laminar
to turbulent stirring is observed at Reynolds numbers of about 1500. Substituting the expressions found for
the coefficient of resistance, (9) and (10), into (8), after some transformations we obtain an equation re-
lating the mean peripheral velocity in the apparatus to the conditions of stirring and the properties of the
liquid:
laminar flow (Re < 1.5+ 10%):
(Re << 1.5-10%):
Pav=0,0107 KyRec/ R%; (11)
turbulent flow (1.5°10% < Re < 10%):
(1.5-10° << Re << 10°)
Bav=1.4T[KyRe &7 / R2™y]°5", (12)
Figure 5 compares the results of a calculation of the mean velocity by means of Egs. (11) and (12) with
the experimental data for stirrers of two types — paddle and open turbine. The complex character of the in-
fluence of viscosity on the peripheral velocity, as revealed in this graph, can be explained if we compare
the flow conditions of the liquid along the walls and the conditions for flow past the stirrer blades. * Since
for stirrers with flat radial blades

B
dMr =—g~p(wor— v)*nphgr dr, (13)
therefore
pBRBRROO T [ . .o
LR ta(r — 9) (14)

o

N=M o,=

Assuming that the main part of the moment is communicated to the liquid by the peripheral part of the
balde, to a first approximation we can take the coefficient of resistance of the blade to be constant and can
remove it from the integral sign:

Com R,
N oo T—j (F— 7o) dr. (15)
. oY

The condition of conservation of momentum (1), with the aid of (15) and Egs. (6) and (7), can be writ-
ten in the form
tB Y To Day’
c 0,157 s T " (16)
j (F — 7)% dF
0
Equation (16) shows that, for constant degree of influence of the viscosity of the medium on the coefficient
of resistance of the blade and wall of the apparatus, the right-hand side of the equation characterizing the
distribution of peripheral velocity must remain constant. As we see by comparing the curves t= ¢ (Re)
_and c; = ¢ (Re) (Figs. 2 and 4), a constant degree of influence of the viscosity on the coefficients of resist-
ance of the wall and flat plate will occur for laminar flow, which corresponds to the values Reg < 50 in
Fig.5. For turbulent flow, the influences of viscosity on ¢ and cy also differ little; therefore for Reg
> 1000, corresponding to turbulent flow over the walls and blades, increase in viscosity has only a rela-
tively slight effect on the velocity. According to the results of processing the experimental data, the re~
gion of intermediate values of the centrifugal Reynolds numbers (50-1000) is characterized by Re = 10-1000
and Rep = 6-500. In these conditions the flow in the main part of the space in the apparatus is laminar
(Fig. 4), and the flow over the plate corresponds to the transitional region between laminar and turbulent
flow (Fig.2). In this case the effects of the viscosity on ¢ and c¢ are quite different, and therefore the ratio
é/cf, and hence also the velocity distribution, varies markedly with the viscosity.

* 1t is assumed that when Rep = Rep the conditions of flow past the stirrer blades are similar to the con-
_ ditions of flow over the plate (Fig. 2).

407



Comparison of the results of calculations based on (11) and (12) with the experimental data (Fig. 5)

reveals that these equations can be used to determine the mean peripheral velocities of liquid in apparatus
with stirrers, with a degree of accuracy sufficient for solving engineering problems (the root-mean-square
error of calculations based on Eq. (11) is 22%, that of calculations based on (12) is 10.4%).

The equation of mean velocity (12), together with expressions for the peripheral velocity found pre-
viously [1], enables us to calculate the radial distributions of the peripheral velocity in liquids of various
viscosities under turbulent flow conditions. Figure 3 compares the velocity profiles calculated from these
equations with the experimental data (curves 1 and 2).
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NOTATION

is the coefficient of thermal diffusivity, m?/sec;

is the coefficient of resistance of walls and floor of apparatus;

is the diameter of stirrer, m;

is the depth of filling of apparatus, m;

is the width of stirrer blade, m;

is the dimensionless power;

is the characteristic dimension of body, m;

are, respectively, torque and moments of resistance of walls and bottom,
J;

is the power, W;

is the rate of rotation of stirrer, rev/sec;

is the number of stirrer blades;

is the dimensionless radius;

are the radii of apparatus and stirrer, and radius coordinate, respec-
tively, m;

is the peripheral velocity, m/sec;

are the peripheral velocity at radius r,, and mean peripheral velocity,
respectively, m/sec;

is the dimensionless velocity;

is the coefficient of heat emission, W/m?- deg;

are the coefficients of resistance of blade and body;

is the coefficient of thermal conductivity, W/m - deg;

is the coefficient of kinematic viscosity, m¥sec;

is the density, kg/m?;

is the angular velocity of stirrer, rad/sec;

is the Nusseldt number;

is the Prandtl number;

is the Reynolds number;

is the Reynolds number for flow over blade;

is the Reynolds number for flow over measurement body;

is the centrifugal Reynolds number.
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